
Metals,  insulators, topological insulators. 

Summary sheets. 



Current operator.

Classically. e=j v
2

( / )
2

mL e cφ= − −
v vA

eL m
c

∂
= = +
∂

p v A
v

e e
m c
⎛ ⎞= −⎜ ⎟
⎝ ⎠

j p A

QM

3ˆ ' ( ')
i

δ= ∇ −xx P x x x

Note:

( )

3

† †

2
†

ˆ ˆ ˆ( ) ( ),

ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( )
2

ˆ ˆ ˆ( ) ( ) ( ) ( , )

P D

P
s s s ss

D
s ss

d

e
mi
e t
mc

ψ ψ ψ ψ

ψ ψ

= +

= ∇ − ∇

= −

∫
∑

∑

j x j x j x

j x x x x x

j x x x A x

3 3 † †
'

. '

ˆ ˆ ˆ ˆˆ' ( ) , ( , ) ', ' ( ')s s
s s

e ed d s t s
m c

ψ ψ⎛ ⎞= −⎜ ⎟
⎝ ⎠

∑ ∫j x x x x p A x x x

2
3 3 † †

'
. '

2
3 † †

1ˆ ˆ ˆ ˆˆ ˆ' ( ) , ( , ) ( ) ', ' ( ')
2

1ˆ ˆ( ) ( , ) ( ) ( )
2

s ion s
s s

s ion s
s

eH d d s t V s
m c

ed t V
m i c

ψ ψ

ψ ψ

⎛ ⎞= − + =⎜ ⎟
⎝ ⎠

⎧ ⎫⎪ ⎪⎛ ⎞∇ − +⎨ ⎬⎜ ⎟
⎝ ⎠⎪ ⎪⎩ ⎭

∑ ∫

∑ ∫

x x x x p A x x x x

x x A x x x

Hamilton Operator.

ˆ ( )ˆ ˆ ˆ( ) ( ) ( )
( )

P D Hc δ
δ

= + = −
Aj x j x j x

A x



1) Linear response to electric field. 
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Linear response in A.
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Retain all terms linear in A   (note that has an explicit dependence on A ) to obtain the
conductivity tensor. 
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Optical conductivity.

We are interested in the real part of the conductivity tensor.  
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Consequence: For a single band model, the above quantity vanishes. 

Explicit calculation for  an n-band non-interacting system. (FL Fixpoint)
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Two bands.  Most general form for :                   ( )H k

0( ) ( ) ( )H Vε σ= +k k d k σi

( )(1) ( 2 ) ( 3 )
0

1 0 0 1 0 1 0
, , , , ,

0 1 1 0 0 0 1
i

i
σ σ σ σ

⎛ − ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = = ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

σ

( )
( ) ( ) ( ) ( ) ( )

1 ˆ ˆ( ) ( ) ( ) , ( ) 1 ( ) , ( ) ( ) / ( )
2

H E P E P

E k V Pε

+ + − −

± ±

= +

= ± = ± =

k k k k k

k d k k d k σ d k d k d ki

Calculation of

( ) [ ]

( ) ( ) [ ]

,

1 1( ) Tr ( ) ( ) Re ( 0)

( ) ( )1 2Re ( 0) Tr ( ) ( ) ( ) ( )
( ) ( )

xx n x n xx
n

xx x x

D f E K P
N N

f E f E
J P J P

N N E E

ω

ω − +
+ −

+ −

=− + Λ →

−
Λ → =

−

∑

∑

k

k

k k k

k k
k k k k

k k

( )xxσ ω Drude weight.

Source.



For the insulating case:  
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For the insulator:
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Optical conductivity as a function of es .  

Insulator. Topological Insulator.
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Edge states. Insert infinite potential  on sites                    wave function vanishes on the edge. 

is still a good quantum number.  Hamiltonian is block diagonal  and     labels the blocs.  
For each      we have 2L  energy states.   
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Gapless excitations are located on the edge of the sample. To see this consider the  
ix and ky resolved density of states:   
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Further reading. 
On the relation between the topological bulk number and edge states ! 
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