Metals, Insulators, topological insulators.

Summary sheets.



Current operator.
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1) Linear response to electric field.
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Linear response in A.
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Heisenberg representation: ~ H," (t) =e""H, (t)e™"™

Retain all terms linear in A (note that ja (r) has an explicit dependence on A ) to obtain the
conductivity tensor.

Y ()0 = =35, 0) @) e

r r

Y (L)@ = 0,,@F,@)

r



Optical conductivity.
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We are interested in the real part of the conductivity tensor.
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Explicit calculation for an n-band non-interacting system. (FL Fixpoint)
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Diagonalizing H (k)
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Two bands. Most general form for H (k).

Source. PHYSICAL REVIEW B 74, 085308 (2006)

Topological quantization of the spin Hall effect in two-dimensional paramagnetic semiconductors

Xiao-Liang Qi,! Yong-Shi Wu,>! and Shou-Cheng Zhang™!
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Calculation of &, (w) Drude weight.
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For the insulating case:

f(E (k))=1 f(E,(K))
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Hence the Drude weight vanishes and:
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Interband transitions.

<> Reo,,(w) vanishes for frequencies below the charge gap min, 2V|d(K)|




For the insulator:
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Where n is the number of times d(k) winds around the unit sphere: topological quantity.

Examples a) n = 1ﬁ(k): one to one mapping between BZ and Unit sphere.

dk,dk, (ﬂa(k)jx[i&(k)J =dQ Oriented surface element
ok, ok, of the sphere.

> Kk —>Assume that orientation remains constant (outwards/inwards)
for all BZ points.
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¢(k)=-2t(cos(k,) +cos(k,))
d(k) =(sin(k, ),—sin(k, ), c(2—cos(k,) —cos(k,) —€;) )

b) e;<0 d(k) covers a surface on the northern hemisphere. Since d(k+b,) = d(k) this
surface is covered twice. Once with orientation d-dQ >0 and once with orientation d-dQ <0

The integral hence vanishes.

In general.
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Optical conductivity as a function of e.

Insulator.
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Topological Insulator.
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Edge states. Insert infinite potential on sites (i,,i,=L) - wave function vanishes on the edge.

> k, isstilla good quantum number. Hamiltonian is block diagonal and k, labels the blocs.
For each k, we have 2L energy states.
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Topological Insulator:  e,=0.5
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Gapless excitations are located on the edge of the sample. To see this consider the

I, and k,, resolved density of states:

Flows on the rhs of sample.

~— Flows on the lhs of sample.
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Rotationen
C

R(e,d)x = e+(exx)—cos(d)ex (exx) +sin(f)exx

A
d
und es gilt: @R(e,ﬁ)x = e x R(e,0)x
C(e"g)x Damit ist: R(e,0)x ist Lésungder Dgl.
a x(0) = e x x(0) mit x(0=0) =x
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Spin Operator, S . ist Erzeuger von Rotationen.
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Dann gilt: §(®) = TT(ea ®) ST (e,0) = R (e, ®)§



Further reading.
On the relation between the topological bulk number and edge states !

A General Theorem Relating the Bulk Topological Number to Edge States
in Two-dimensional Insulators

Xiao-Liang Qi'2, Yong-Shi Wu® and Shou-Cheng Zhang??!
Center for Advanced Siudy, Tsinghua University, Beijing, 100084, China
2 Department of Physics, MeCullouwgh Building, Stanford Unswversity, Stanford, CA 94305-4045 and
3 Department of Physics, University of Utah, Sali Lake City, UT 84112-0530
(Dated: October 28, 2000)
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Spectrum

Magnetic flux / plaquette
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